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Abstract 
In this study, a model to obtain the transverse displacement of double single walled carbon nanotube system (DSWNTS) with the 
application of longitudinal magnetic field has been developed. Here, two magnetically sensitive single walled carbon nanotubes 
are coupled by an elastic medium. The governing equation for transverse displacement of the system is modeled with the help of 
a modified couple stress theory. Total minimum potential energy principle is employed using variational formulation to develop 
the governing equations. This model is then applied to a cantilever beam problem and results are presented. Numerical results 
reveal that DSWNTS with larger length of CNTs would deflect more. Lesser deflection of DSWNTS is observed as the magnetic 
field increases. This system gives same transverse displacement for different values of size effect within the range of applied 
magnetic field. This mathematical model can be used for further dynamic analysis of other numerical or experimental models. 
Keywords: DSWNTS; Euler Bernoulli beam; Modified couple stress theory; Longitudinal magnetic field; Principle of minimum potential energy 
principle. 
1. Introduction 
The carbon nanotubes (CNTs) have an intense research potential since its discovery by Iijima [1] due to their 
superior physical, electronic, optical, chemical, mechanical and magnetic properties over any other existing 
materials. These properties open various frontiers for use of CNT in vibration isolation, nano opto-mechanical 
system applications and nano bio-sensing.  
It is evidenced that molecular dynamic simulations are expensive [3] and operating with multiple parameters for 
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modeling at the nano scale is difficult, classical continuum theory is emerging as an efficient way to study the order 
behavior of nanostructure. It has been proved that these scale free classical theories fail to predict the performance 
of large nanostructures as they cannot take size effect into consideration [4].  Hence, non-classical theory or higher 
theory is used to consider the small size effect [5-6]. One of the non-classical theories is modified couple stress 
theory. It has one length scale parameter other than Lame’s constants [7-9].  The theory has been used to develop 
governing equations for static as well as dynamic analyses of small sized structures and to investigate size 
dependent mechanical behavior. The theory is now being employed to CNTs for the stability analysis [10]. To study 
the effect of small size on the instability of electrostatic nano-cantilevers and to describe the effects of dispersion 
forces, this theory has been used. The performance of CNTs under DC step voltage has already been investigated. 
Applying the magnetic or electric fields to CNTs prompts the Lorentz forces to act on it, which leads to change in its 
vibration behavior. The performance of most CNTs under externally applied longitudinal and transverse magnetic 
field is studied by various researchers [11-13] but very less work is reported for static analysis of combination of 
CNTs with longitudinally applied magnetic field [14]. Analysis of double nanobeam system (DNBS) [15] is not yet 
performed using modified couple stress theory. Arrangement of CNTs in different manner generates complex 
nanotube systems. One system of this kind is double single walled carbon nanotube system (DSWNTS) in which 
two single walled CNTs are separated by an elastic medium. Literature reports different approaches to apply an 
elasticity theory of higher order for the analysis of micro and nano sized structures. One of them is variational 
principle approach [16], although it is complicated but it helps to derive correct governing equation and boundary 
conditions. 
The present study draws attention on the static analysis of DSWNTS with the effect of applied longitudinal 
magnetic field using modified couple stress theory. The CNTs are assumed equivalent to two Euler-Bernoulli nano 
beams. The two single walled carbon nanotubes (SWCNTs) are separated by distributed vertical transverse springs. 
Here, variational principle approach based on minimum potential energy principle has been utilized to derive the 
governing equation, boundary conditions and expression for transverse displacement of two SWCNTs of DSWNTS. 
The boundary conditions are used for solving the case of a cantilever.  
2. Mathematical Formulation 
The modified couple stress theory as [5] mentioned in their work about the strain energy density of a three 
dimensional isotropic linear elastic body, which is given by [7]: 
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where, ijV  is the generalized hook’s law in tensorial/indical form, ijH is strain tensor, ijm is deviatoric part of couple 
stress tensor and ijJ  is the curvature tensor which is symmetric. The above stated terms are defined as [7]: 
2ij ij ij ijV OH G PH                    (2)           
 1 ( )
2
T
ij u uH    
                  
(3)           
 22ij ijm l PJ                         (4)           
 1 ( )
2
T
ijJ T T   
                  
(5) 
Where, λ and μ are the Lame’s constants and δij is the Kronecker delta. The strain tensor in equation (2) can be 
further defined as:
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The rotation vector having ‘u’ as displacement vector is defined by:
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The length scale parameter is defined by l. It is a material property and defined as a ratio of curvature modulus to the 
shear modulus [7]. It is responsible to measure the effect of couple stress.   
Let us consider a DSWNTS as shown in Fig. 1. The two single walled nanotubes having same mass, length and  
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Figure 1. DSWNTS modeled as double nanobeam system in the longitudinal magnetic field 
bending rigidity are denoted by SWCNT-1 and SWCNT-2. The two SWCNTs are attached by an elastic medium 
filled between them. Vertically distributed springs are assumed here as an elastic medium. The transverse 
displacements are denoted by w1 and w2 respectively. The coordinate (x, y, z) is taken for the modelling in this case, 
where x-axis being the centroidal axis of nanobeam, z-axis being the symmetry axis and y-axis being the neutral 
axis. If u, v and w be the components of displacement vector ‘u’ in the x, y and z directions, then the components of 
displacement for a Bernoulli-Euler beam can be given by: 
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The strains, stresses, curvature tensor and couple stress tensor are calculated and substituted in equation (1) to obtain 
the strain energy density of DSWNTS as [7]: 
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Equation (10) suggests about the couple moment Mxi and resultant moment Yxyi (for i=1, 2). K is equivalent spring 
stiffness and k is the stiffness of parallel connected each individual spring of the elastic medium. If there are n 
springs then K=k/n. If the vector of longitudinal magnetic field H = (Hx, 0, 0) is acting on the DSWNTS, it will alter 
the total potential energy of DSWNTS in a way that work done on the system increases. Lorentz force in z-direction 
is [14]: 
2
2
2z x
d wf H
dx
K § · ¨ ¸© ¹                                            
(11) 
where, η is the permeability of magnetic field. If A represents cross sectional area of the CNTs having radius r, the 
magnetic force per unit length becomes: 
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The work done by the magnetic field will be added in terms of following: 
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The work which the external forces execute, in the absence of body force and body couple, in the presence of 
transverse loading q(x) and magnetic field Hx can be: 
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using the minimum potential energy priciple 0G3   for stable equilibrium and considering displacement of 
SWCNT-1 with respect to SWCNT-2 as [15]: 
 1 2( , ) ( , ) ( , )w x t w x t w x t                                 (15) 
Governing equation is obtained as: 
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The boundary conditions are: 
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Let us assume that applied magnetic field is constant then equation (16) reduces to: 
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          The magnetic parameter, MP and parameter for non-classical theory effect, NC is defined as: 
                       
2
2,
AMP NC EI Al
E
K P                               (20) 
The solution of equation (18) is the final equation for transverse displacement of two SWCNTs of DSWNTS, which 
is [17]: 
 1 2 3 4cosh( ) cos( ) sinh( ) sin( )w C Nx C Nx C Nx C Nx       (21) 
where, C1, C2, C3 and C4 are the constants of the solution with N be the root of ordinary linear differential equation 
(21). If DSWNTS is to act as a cantilever, the boundary conditions given in equation (17) are substituted in the 
following way to get the solution of its relative transverse displacement: 
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where, P is the applied force at free end. Now, the solution of equation (21) in accordance with (22) will give the 
solution of DSWNTS when both of the SWCNTs are fixed at one end. 
In the event that effect of magnetic field is not considered, the work done reflected in equation (15) changes and 
so the governing equation and boundary conditions. The work done by the external forces in the absence of 
magnetic field is written as: 
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Now, total potential energy of the system is obtained by equation (10) and (26). Following the same procedure 
for finding the solution for transverse displacement of DSWNTS without considering the effect of magnetic field, 
the governing equation turns out as: 
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The solution of equation (24) is for transverse displacement of DSWNTS without considering the magnetic field 
effect, for which the solution can be given by equation (24) with the boundary conditions as:
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3. Results and Discussion 
Here, the properties of two armchair SWCNTs with chirality (5, 5) are considered as given by Murmu and Adhikari 
[15]. Each SWCNT has a radius of 0.34 nm. Young’s modulus (E) is considered as 0.971 TPa. The density, ρ, is 
considered as 2300 kg/m3 and length of SWCNTs, L, is taken as 20 nm. The results shown are for stiffness K=5. Both the 
nanotubes are having same geometrical and material properties. Poison’s ratio ߭is assumed as 0.38 and small scale effect 
parameter is taken as݈ ൌ ͷ݊݉. The magnetic parameter is taken as 25, for the strong magnetic field. The externally 
applied magnetic field is taken as 0.4 Gauss.  
Figure 2 (a) and (b) show the deflection pattern of DSWNTS with or without magnetic field respectively, for different 
lengths of nanotubes when the magnitude of applied force is taken as 100ߤܰ [7]. The plots show that the DSWNTS with 
larger length of CNTs would deflect more. It can be deduced that the length of SWCNTs has to be kept within limits to 
have measureable frequency range. It has been reported by Murmu et al. that longitudinal magnetic field leads to higher 
frequencies of DSWNTS. From figure it can be concluded that a biosensor having such a CNT system would deflect lesser 
as soon as it is kept in the magnetic field. Figure 3 reveals the deflection behaviour of DSWNTS for three values of small 
length scale parameter l which is key factor to denote the distance between two molecules of carbon. This distance is then 
grouped for all the molecules over entire length and analysis is made for the complete nanotube. It is clear from the figure 
3(b) that decrease in the value of l leads to increase in the deflection of DSWNTS. The effect of small size effect is not 
clearly observed in the condition of applied magnetic field. Same deflection is observed in the range of nanotube length. It 
means that changing the small length scale parameter does not affect the deflection if the model is in the magnetic field 
whereas it is more predominant when no magnetic field is applied. It can be said that DSWNTS attempts well to be used 
as a model while designing a biosensor as it can work in said range of magnetic field. Figure 4 shows the behaviour of 
system in the range of earth’s magnetic field. As the magnetic field intensity increases, lesser deflection is observed. It can 
be said that DSWNTS attempts well to be used as a model while designing a biosensor as it can work in said range of 
magnetic field.  
4. Conclusions  
An analytical model to study the effect of longitudinal magnetic field on the transverse displacement of a DSWNTS is 
presented in this paper. The equations for static analysis of DSWNTS are derived using modified couple stress theory. The 
results show a good agreement for the possibility of this model to design a biosensor. The reason behind the conclusion is 
that it justifies the classical theory to have more deflection for more length of CNT. Zeptogram level sensing property of 
CNTs would be exploited if biosensor having DSWNTS model is made. The results produced fall within zepto scale. The 
results reveal that the small length scale parameter plays a very important role while modeling a nanostructure. It is proved 
that this model is well suited for a biosensor to operate anywhere for judging the presence of any biomolecule. Variation in 
magnetic field intensity may be clearly observed by the biosensor having such a system within it. This analytical model 
might be useful for further static analysis of other similar numerical or experimental models or for theoretical study of 
dynamic analysis of DSWNTS.             
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Figure 2. Deflection behaviors of DSWNTS for different lengths of nanotubes 
 
                 
Figure 3. Deflection of DSWNTS for variation in size effect 
 
Figure 4. Effect of magnetic field 
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